lt 
Peed estas 
ive: 


(20) 


where R is the output resistance of the 
phototube, 1; is the Johnson noise, inde- 
pendent of cathode current J, and ms is the 
shot noise proportional to VI. 1/K’ is, as 
before, a factor representing the increase in 
noise in a multiplier phototube due to 
various minor factors such as shot noise at 
the dynodes and nonuniform multiplication 
across the cathodes’ surface. 

Clearly, the break-even point occurs when 


1 
Mnjt+ Mns=njt 7 Mos 


or 
1 
“ol 
tI a de (21) 
Ns 1K’ 
M 


If it is again assumed that K’=0.5, the 
break-even point occurs when mj=ns. But 


n;?=4kTRAf and ns?=2Rel Af, so that the 
foregoing requirement reduces to 


2kT 
——=I=cL 
eR 


or 


T 
= ROK 10/ Re lumen (22) 


oe 


at room temperature, where 7 =300 (Boltz- 
mann’s constant k=1.37X107-* and e= 
1.6X1079). 

The maximum value of R will, of course, 
be determined by the interelectrode capaci- 
tances of the phototube and the bandwidth 
requirement. 


If the design is limited to R= anfC , equa- 
tion 22 reduces to 
L=3.23 108 fC/o (23) 


This result shows that in all practical 
cases a multiplier phototube will provide 
the higher signal-to-noise ratio as long as its 
anode ratings permit it to be operated with 
appreciable multiplication. 
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Impedance of Thin- Wire Loop Antennas 


JAMES E. STORER 


NONMEMBER AIEE 


HE THIN-wire loop is one of the first 

antennas to receive theoretical con- 
sideration, having been discussed by 
Pocklington! in 1897. Pocklington 
treated a closed loop excited by a plane 
wave; he obtained an exact solution for 
the current on the loop in the form of a 
Fourier series. More recently, Hallén? 
considered a driven loop and obtained a 
solution, again in the form of a Fourier 
series, for the current and the impedance. 
However, Hallén pointed out that the 
coefficients of this series contained a 
singularity which made the series only 
quasiconvergent and hence useful only 
for loops small in comparison to a wave 
length. Moreover, the individual terms 
were complicated and their evaluation 
and a summation involved a somewhat 
difficult numerical task. 

More recently, in an effort to obtain 
numerical results, other authors have 
dealt with the prohlem using approxima- 
tion methods. Chang,’ for example, ap- 
plied the Hallén-King-Middleton expan- 
sion; Schelkunoff4 has used a guided 
mode approximation; and the author 
has used a variational approach (unpub- 
lished). All of these approximation 
methods have one feature in common; 
they yield results which are in good agree- 
ment qualitatively with experiment, but 
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poor agreement quantitatively. (It is 
quite possible that all of these methods, 
particularly Chang’s could be made to 
yield better results by going to higher 
degrees of approximation; the resulting 
numerical labor, however, is likely to be 
prohibitive.) The reason for this can 
be explained by noting that all the ap- 
proximation methods require some as- 
sumption as to the current distribution 
around the loop. The most common as- 
sumption is that the current distribution 
approximates a sinusoidal distribution. 
As will be shown subsequently, the sinu- 
soidal assumption is not satisfactory, par- 
ticularly for the current near the driving 
point of the antenna. 

In this paper the rigorous Fourier 
series solution obtained by Hallén is re- 
examined, and modified so that the con- 
vergence difficulties which he encountered 
are avoided. Extensive numerical re- 
sults are presented in Appendix I for the 
impedances of loops for varying wire 
sizes and circumferences up to 2'/, wave 
lengths. Appendix II presents some 
curves which aid in the computation of 
field patterns and current distributions. 
For an antenna having a particular wire 
size, some experimentally measured im- 
pedances are presented which agree well 
with theory. 
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Fourier Series Solution for the 
Current Distribution 


Integral equations for the current dis- 
tribution on thin-wire antenna structures 
are readily obtained by expressing the 
electric field as a function of the current, 
through Helmholtz integrals, and then 
equating the total electric field to zero 
along the wire surface. Following this 
procedure, with harmonic time depend- 
ence of the form e¢+’*!, and with co-or- 
dinate system and dimensions as indi- 
cated in Fig. 1, the integral equation for 
the circular loop antenna can be written as 


vet f (@—4' ode" qd) 


where /(¢) is the total current at ¢ on the 
loop; V is the voltage of the slice genera- 
tor exciting the loop at ¢=0; 6(¢) is the 
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ly 
a 1s ¢ 
2b - == v3, 
| 2a 
Fig. 1. Co-ordinates for loop antenna 


Dirac delta function; and k=w/c= Qr/d; 
fo= \"- 1207 ohms. The kernel of the 


€ 
integral equation 1 is given explicitly by 


K(o-6)= [ deteayh ae |x 


kb dg? 
eoiPOR(O—9") 
See (2 
R(¢—-$') Gh) 
—~¢! /2 
Ro-0")=| 4 sin? ( ) +220 | 
(2B) 


where a is the radius of the wire and 6 is 
the radius of the loop. 

The thin-wire assumption, which pro- 
vides the basis for obtaining this one- 
dimensional current equation, can be ex- 
pressed explicitly as a?<<b?, k?a?<<1. 
The resulting solution cannot be more ac- 
curate than the order of these approxima- 
tions. 


Since ——~¢ ROO) ig ig 
R(g—¢9') 

bounded, periodic function of ¢, it can be 
expanded into a Fourier series, i.e. 


aa = > Kuen in(o-#") 


(3) 
1 wg IKORI(G) 
K,=K_»=— ——— <« ? 
n n 7a R(o) € dp (4) 


Using equation 3 together with equation 
2, it is seen that 


K(—6')= Yan -#") (5) 
where 

KnartkKn_ n? 
cam ann ma) Anse Recth of n (6) 


Inserting expression 5 into integral 
equation 1 yields 


Va(¢) ey on f JO — OT (g! dg! 


(7) 


After expanding J(¢) into a Fourier series 
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F 1 {7 . 
16)=) Inei"*: ree | I(p)e "de 
QaJ —95 


(8) 


it can be seen that equation 7 reduces to 
the following 


1 7 V 
f e "*V8(¢)do=- 


jnvoan J _, irtoon 


Inserting this result into equation 8 yields 


V : ing V 
I(¢) = > <= x 
Imo an jmto 


1 cos nd 
—+2 > ———- (9) 
ao an 

1 


From this, the impedance of the antenna 
Z is found to be 


ga ay ~+2) = 
THO} Ve se 


(10) 


These results, equations 9 and 10, ob- 
tained by Hallén, constitute a formal 
solution of the loop antenna. From 
them the transmitting pattern and by 
reciprocity the receiving pattern can be 
obtained. However, in order to make 
them useful, some way must be found to 
evaluate the series numerically. 

It can be shown that these equations, 9 
and 10, are in agreement with the theory 
of small loops. If equation 4 is used and 
the explicit evaluation of K, given in 
Appendix III, it is readily shown that, 
for loops small in comparison to the wave 
length, the current is nearly a constant, 
independent of ¢ and 


kb<X 1, 2Z=jrboao=jriokbKy 


who 


et Bibs t jatokb (m2 2) 
6 a 


This is the usual equation for the resist- 
ance and reactance of a small loop. 


The Fourier Series 


It is apparent from the preceding deri- 
vation that the usefulness of this method 
of solution depends on the evaluation of 
the series 
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Fig. 2. A—Experimental di- -200 
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loop antenna 
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small Joop antennas. 


; 1 
(6)=24[ ~ 42) 28 ay 
mhol\ xo an, 
1 
Hallén proved that, for large n, the 


coefficients approach asymptotically the 
value. 


where y(=0.5772) is Euler’s constant. 
It is apparent that a, becomes extremely 
small for values of n such that 

20 


n=no=—e7Y 
a 


Hence the series 11 has a ‘‘singularity”’ 
near n&¥no. From this fact Hallén con- 
cluded that the series 11 could only be 
used in an “asymptotic” fashion, i.e., 


it must converge satisfactorily by i 


a 


GOS 


A—Real and imaginary components of current distribution on small loop antennas; 
In each case 2=2 In (276/a)=10 


S 
3 


11(¢)1 MILLIAMPERES 
n 
°° 


w 
io] 


20; 


° 
fe) 


since, after this, the value of the individual 
terms begin increasing in magnitude. 
This restriction meant that the series 
solution 11 was only useful for kb small 
or b/a very large. Even with this limita- 
tion the summation of 7/2 terms of this 
series in a formidable task and, at best, 
yields relatively inaccurate results be- 
cause of the “‘singularity.’”’ 

It must be remembered at this point 
that current is both bounded and con- 
tinuous (for physical reasons) and hence 
the series 11 must converge, When this 
point of view is adopted, the problem be- 
comes one of treating Hallén’s “singu- 
larity”’ in a more rigorous fashion. 

A derivation of the value of an is given 
in Appendix III, which is essentially 
identical to that of Hallén’s, but which 
includes the dominant complex term as 
well. The result for large 1 is given as 
follows 
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B—Magnitude and phase of current distribution on 


Cay as 1 i jx 
on kb n mp—In n—j 


(ROHN n> kd 
r(2n+2) n> 2) 


2b 
where 7 =-- «—* 
a 


It is apparent that the inclusion of the 
rather negligible complex term in equation 
12 cannot alter significantly the sum of the 
resulting series. However, with its in- 
clusion a, is never equal to zero. This 
fact will be used subsequently to permit 
a replacement of the series by an integral. 

The following work will be restricted 
to loops in which kb<2.5, i.e., the circum- 
ference of the loop is less than 2'/, wave 
lengths. (The derivation can readily be 
modified to include values of 2b larger 
than 2.5 if desired.) Almost all loop an- 
tennas of practical interest are contained 
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Fig. 4. A—Real part of current distribution on loop antennas. 
Magnitude of current distribution on loop antennas. 


in this range. The series 11 can then be 
written in the form 


4 
Vfl 
Meee +2) coe ewe) ) (13) 
Jmo ao an 
1 


where 


«a 


cos nd 
=2 > — 
Ud) = 


5 


The procedure to be used will sum the first 
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PHASE {I (f)} RADIANS 
z i 
3° 


b 
° 


-50 


-70) 


2 22tn (2rb/a)= 10 
{ | 


five terms of the series explicitly, and re- 
place the remainder of series ¥(¢) by an 
integral. 

Now, it can be shown by an insertion 
of numerical values that for kb $2.5 and 
n25, the value of a, differs negligibly 
from the asymptotic value given by equa- 
tion 12. Hence, to an excellent approxi- 
mation : 


¥(0) = —2rkb > x 
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B—Imaginary component of current distribution on loop antennas. 
D—Phase of current distribution on loop antennas. 
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(D) 


— 
In each case 2=10 
cos nd : 
(n?—k?b?)[In np— in n—j(kd)"*1/T(2n+2)] 
(14) 


The series 14 will now be replaced by 
an integral. The equation to be used is 


pores | 7 
Ogads (15) 
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Table I. 


Q=8, 2rb/a=54.60. L=9, 2rb/a=90.02 


Impedance of Loop Antennas as a Function of Frequency 


BX 105 


R X GX 103 kb R x GX10%  BX105 
0.0048. 43.57...0,0025...—22.95 ...0.05... 0.0048. 51.99 ...0 0917... —19. 23 
0.0402. 88.77...0.0052...—11.36  ...0.10... 0.0392. 107.4 ...0.0034.. -9 311 
0.1533.. 140.5 ...0.0078... —7.119 ...0.15... 0.1538 172.0 ...0.0052.. —5.814 
0.5939.. 205.7 ...0.0140... —4.860 ...0.20... 0.5917 252.2 ...0.0993.. —3.954 
1.742 293.1 ...0.0203... —3.412 ...0.25... 1.756 360.6 ...0.0135.. —2.773 
6.143 427.4 ...0.0336... —2.339 ...0.30... 6.327 529.1 ...0.0226.. —1.890 
23.72 675.2 ...0.0520... —1.479 ...0.35... 25.57 853.2. ...0.0351.. —1.171 
140.1 1344.0 ...0.0767... —O 7361...0 40... 162.5 . 1776.0 ...0.0518.. —0.5662 
7972 7 2189.8 ...0.1172... —0.0322...0.45...1188.0 ..., 3119.4 ...0.0795.. 0.0209 
502.2... —1677.8 ...0.1638... 0.5471...0.50... 415.0... 1887.9 ...0.1111.. 0.5954 
169.0 —824.4 ...0.2887... 1.164 ...0.55... 154.3 —962.0 ...0.1623.. 1.013 
108.6 —544.1 ...0.3469... 1.770 ...0.60... 99.68 —639.4  .,,.0.2380.. 1.527 
84.56 —400.2 ...0.5054... 2.392 ...0.65... 80.23 471.9 ...0.3502.. 2.080 
73.74 ~311.8 ...0.7337... 3.023 ...0.70... 72.58 —357.1 ...0.5183.. 2.622 
72,87 —250.3 ...1.072 ... 3.683 ...0.75... 70.48 —293.3 ...0.7744.. 3.223 
73.28 204.4 ...1.554 ... 4.335 ...0.80... 71.62 ~237.5...1.164 .. 3.850 
76,02 —168.4 ...2.227 ... 4.934 ...0.85... 75.22 ~192.8 ...1.757 .. 4.502 
80.72 141.4 ...3.117... 5.376 ...0.90... 81.00 —155.6  ...2.633 .. 5.057 
87.59 -115.5 ...4.193 ... 5.531 ...0.95... 89.08 —122.7 ...3.874 .. 5.337 
94.81 —94.30...5.302 ... 5.274 ...1.00... 98.94 —95.22 ...5.247 .. 5.050 
104.4 —77.20...6.193 ... 4.579 ...1.05... 111.8 —70.25 ...6.413 .. 4.030 
115.4 —63.08...6.672 ... 3.648 ...1.10... 127.6 —48.16 ...6.860 .. 2.589 
128.0 —52.23...6.608 ... 2.732 ...1.15... 147.1 —29.22 ...6.541 .. 1.300 
142.0 —44.54...6.412 ... 2.011 ...1.20... 171.2 -14.36 ...5.899 .. 0.4866 
137.4 —41.09...5.959 ... 1.553 ...1.25... 200.4 —5.427...4.986 .. 0.1350 
172.9 —41,89...5.462 ... 1.323 ...1.30... 234.0 —4.986...4.271 .. 0.0910 
188.1 ~48.12...4.991 ... 1.277 ...1.88... 270.2 -17.55 ...3.686 .. 0.2394 
200.7 —60.73...4.565 ... 1.382 ...1.40... 302.2 ~46.51 ...3.932 .. 0.4975 
207.4 —76.80...4.240 ... 1.571 ...1.45... 320.5 —91.53 ...2 885... 0.8239 
207.5 —95.54...3.977 ... 1.831 ...1.50... 315.5 —142.0 ...2.636 .. 1.186 
199.8 ~113.3 ...3.788 ... 2.148 ...1.55... 287.5 —184.7 ...2.462 .. 1.581 
186.0 —126.1 ...3.684 ... 2.497 ...1.60... 247.0 —207.6 ...2.373 .. 1.994 
169.5 132.7 ..-3.687 ... 2.864. ...1.65... 206.3 ~211.7 ...2.361 .. 2.423 
152.8 -183.1 ...3.722 ... 9 3.242 ...1.70... 172.5 —202.6 ...2.437 .. 2.862 
138.7 —128.9 ...3.869 ... 3.595 ...1.75... 147.8 ~186.7 ...2.607 .. 3,293 
127.8 —121.6 ...4.106 ... 3.909 ...1.80... 130.9 —168.1 ...2.883 .. 3.703 
119.5 -112.6 ...4.415 0... 4.158 ...1.85... 121.7 —149.6 ...3.273 .. 4.023 
115.4 —104.2....4.775 ... 4.310 ...1.90... 114.6 -131.40...3.774... 4.282 
113.2 —95.82...5.146 ... 4.356 ...1.95... 114.8 ~115.1 0 ...4.345 .. 4.357 
113.4 ~88.39...5.485 ... 4.275 ...2.00... 117.0 ~101.6 ...4.915 .. 4,226 
114.4 ~82.18...5.766 ... 4.442 ...2.05... 121.7 —87.95 ...5.398 3,902 
116.8 —77.20...5.958 ... 3.938 ...2.10... 128.8 -77.59 ...5.697 3.432 
119.9 —73.74...6.050 ... 3.720 ...2.15... 137.4 —70.01 ...5.776 2.941 
123.2 -71,84...5.056 ... 3.531 ...2.29... 148.0 —64.94 ...5.665 2.485 
126.2 —71.22...6,001 ... 3.385 ...2.25... 159.1 —63.49 ...5.421 .. 2.163 
129.3 —71.99...5.903 ... 3.286 ...2.30... 170.4 -65.77 ...5.108 .. 1.972 
131.1 —73.82...5.792 ... 3.263 ...2.35... 180.0 -72.08 ...4.788 .. 1.918 
131.9 —76.29...5.681 ... 3.286 .,.2.40... 186.8 ~81.78 ...4.492 .. 1.966 
131.7 —79.05...5.581 ... 3.349 ...2.45... 190.6 ~94.78 ...4.206 .. 2.091 
130.1 —81.71...5.512 ... 3.461 ...2.50... 178.8 ~106.4 ...4.031 2. 284 
7 : F “ 
idee Leb! tate This replacement of the series 15 by 
2'X360 the integral is possible only because of the 


This result, equation 15, is valid provided 
a, is an analytic function of » in a region 
which includes the real axis for »>N— 
1/2—e. Results similar to equation 15 
have been given by Gumowski5 and others. 
It is essentially a modification of the 
Euler-McClaurin sum formula. 

Using equation 15 in connection with 
equation 14 yields 


W(e)= ~2ntb f x 
4 


5 
cos xpdx 
; (kby"*! 
2__ b2pH2 b ey | ae pee 
(x ( n mp—In x J rx $3) 
(16) 
ankd 
24 
rg cos xd 
dx (kb) ** 
2 22b?)[ | —iln x -j———— 
(x ( n m—In x Ix) 
r=45 
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complex term, which makes the argument 
an analytic function of x along the real 
axis. Since kb $2.5, the first (and higher) 
derivative correction terms in equation 16 
are small (less than 1 per cent) compared 
to ¥(¢) and can be ignored, since ¥(¢) 
is at best a minor part of J() in equation 
14. Hence, 


o 


¥(¢)= —2nib f x 
4 


5 
cos x¢dx 
. (kby**? ) 
2_ B2p2 ads ee es 
(x? — kb?) (1m no—ln x-7 T(2e42) 
(17) 


Next, it can readily be shown that the 
complex term in the integral of equation 
17 can also be ignored. This yields 

= cos xodx 
46 (x? —k2b2)(In 2% —In x) 


(18) 


Wo) = —2rkb 
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The integral in equation 18, which is 
to be interpreted in the principal-value 
sense, can be rewritten as follows 


(4) =(b)+¥2(¢) (19A) 
°@  cosxpd dx 
waldo) = -antb f In m—In x x? ee) 
- cos xp re 
vad) = — 2akb rr In m)—In x 
2h2, 
h*b?dx (19¢) 


2( x2 — R252) 


Since ny is quite large and kb $2.5, 19(C) 
becomes, to a satisfactory approximation 


—2rkb - Rb2 cos xd 
AC = = dx 
In no—In 4.5) 4, x2(2? — R252) 


—27rk3>3 (°° cos xd 
Se dx 
as 


2a kb \3 
4.5 


This integral, J2(¢), can be evaluated 
explicitly in terms of sines, cosines, and 
integral sines, 

With the use of these results, an explicit 
equation for the current distribution can 
be written as 


kb \3 
[ (2) 00+ (2) 40) | (20) 


(2A) 


Tio)= f ae. ee dx (21B) 
1 


2b a F 
m=— e~? and explicit equations for the 
a 


Q, are given in Appendix IIT. 

Note that the J;,(@) integrals have only 
appreciable valuesnear@=0. (Anasymp- 
totic equation for them, when ¢>1, can 
readily be obtained.) They cannot be 
approximated satisfactorily by a sinusoid 
and they are a partial explanation of why 
approximate methods of dealing with the 
loop antenna do not yield good quantita- 
tive results, 

The equation for the impedance of the 
loop antenna becomes 
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Table il. 
2=10; Qarb/a=148.41. 


Impedance of Loop Antennas 


Q=11; Qrb/a=244.69 


Table I. 
N=19; Irb/a= 403.43 


Impedance of Loop Antennas 


GX10! BX 108 kb R x Gx103 -BX103 kb R x Gx10? BX 10? 
0.0051. 62.59...0.0013...-15.98 ...005... 0 Gidi 72.24 ...0.0009.. ~13.84 0.05.. 0.0053.. 81.45. .0.0008. . —12.28 
0.0410 128.0 ...0.0025... —7.812 ...0.10...  u O411 147.0 ...0.0019.. —6.803 0.10.. 0.0419.. 167.0 ..0.0015.. —5.986 
0.1577 203.7 ...0.0038... —4.908 ...0.15... 0 1532 233.9 ...0 0028.. ~4 275 0.15.. 0.1548.. 265.3 ..0.0022.. —3.769 
0.5936 297.7 ...0.0067... —3.360 ...0.20... 0.5991 342.7. ...0.0051.. —2.918 0.20.. 0.5967 386.2 ..0.0040.. —2.589 
1.777 425.8 ...0.0098... —2.348 ...0.25... 1 744 488.8 ...0.0073.. —2.046 0.25.. 1.721 549.5 ..0.0057.. —1.820 
6.355 624.4 ...0.0163... —1.601 ...0.30... 6 283 713.6 ...0.0123.. —1.401 0.30 6.042 797.4 ..0.0095.. ~1.234 
25.47 1003.1 ...0.0253... —0.9963...0.35... 24.43 1136.6 ...0.0189.. —0.8793 0.35.. 23.50 1255.6 ..0.0149.. —0.7062 

159.7 2063.4 ...0.0373... —0.4818...0.40... 149.1 2294.6 ...0.0282.. —0.4339 0.40.. 131.5 2446.6 ..0.0219.. —0.4076 

1679.4 —3205.9 ...0.0571...  0.0109...0.45...2253 2 5631.6 ...0.0430.. —0.0107 0.45..1485.2 14,782.6 ..0.0337.. —0.0340 

468.8 ~2250.5 ...0.0887...  0.4258...0.50... 479.5 2768.6 ...0.0607 0.3505 0.50.. 588.8 —3477.0 ..0.0474.. 0.2799 

156.6 —1142.6 ...0.1177... 0.8590...0.55... 167.7 — 1360.8 ...0.0892 0.7238 0.55.. 185.6 —1617.7 ..0.0700.. 0.6102 

100.7 ~756.0 ...0.1731... 1.300 ...0.60... 106.0 —891.3 ...0.1316.. 1.106 0.60.. 106.1 1011.2 ..0.1033.. 0.9842 
80.95 —555.7 ...0. 2567 1.762 ...0.65... 84.42 —650.5 ...0.1962.. 1.512 0.65.. 89.32 —754.6 ..0.1547.. 1.307 
73.25 — 430.4 ...0.3842 2.258 ...0.70... 75.87 —500.7 ...0.2959.. 1.952 0.70.. 79.48 ~576.3 ..0.2348.. 1.703 
71.23 ~341.9 ...0.5841 2.803 ...0.75... 73.50 —304.9 ...0.4556.. 2.448 0.75.. 76.52 —451.4 ..0.3650.. 2.153 
72.60 274.3 ...0.9018 3.407 ...0.80... 74.78 —314.0 ...0.7175.. 3.013 0.80.. 77.55 —356.1 ..0.5839.. 2.681 
76.57 —219.5 ...1.416 4.061 ...0.85... 78.92 —248.3 ...1,162 3.657 0.85.. 81.63 —278.4 ..0.9698.. 3.308 
82.99 —173.3 ...2.248 4.694 ...0.90... 85.67 ~192.1 .,.1.937 4.342 0.90.. 88.50 —211.6 ..1.682 .. 4,022 
91.97 —132.5 ...3.534 5.093 ...0.95... 95.37 —141.5 ...3.274 4.859 0.95.. 98.43 —151 5 ..3.017... 4,642 

103.7 —95.58...5.214 4.808 ...1.00... 108.1 —95.57 ...5.192 4.591 1.00.. 112.0 ~95.32..5.178 .. 4,406 

119.2 —61.60...6.621 3.422 ...1.05... 125.5 —51.61 ...6.816 2.804 1.05.. 130.5 —41.05..6.974 .. —2.194 

138.9 —29.61...6.884 1.468 ...1.10... 148.3 —8.771...6.720 0.3974 1.10.. 155.3 13.39. 6.393 .. —0.5478 

164.8 ~12.50...6.067 0.0046...1.15... 179.4 33.22 ...5.389 .. —0.9979 1.15.. 190.7 67.58..4.660 .. —1.652 

199.2 25.90. ..4.936 —0.6415...1.20... 222.4 73.70 ...4.051 .. ~1.342 1.20.. 239.3 125.4 ..3.278 .. -1.718 

244.4 45.67...3.954 —0.7390...1.25... 282.8 109.6 ...3.074 .. ~1.192 1.25.. 312.5 181.6 ..2 392 .. —1.390 

302.2 53.12...3.210 ~0,5642...1.30... 367.3 132.4 ...2.410 .. —0. 8682 1.30.. 422.0 227.9 ..1.834 .. —0.9905 

371.0 37.06. ..2.669 —0.2666...1.35... 480.3 121.7. ...1.956 .. —0.4955 1.35.. 584.2 236.5 ..1 471 .. ~0.5054 

438.4 —16.75...2.278 0.0870...1.40... 604.5 50.75 ...1.643 .. —0.1379 1.40.. 788.1 142.3 ..1.229 .. ~0.2218 

475.9 —109.9 ...1.995 0.4607...1.45... 677.1 ~122.7 ...1.430 0.2592 1.45,. 926.1 ~116.0 ..1.063 .. 0.1332 

455.1 —214.2 ...1.799 0.8465...1.50... 627.6 —308.0 ...1.284 0.6302 1.50.. 837.1 —419.6 . 0.9546.. 0.4785 

384.9 — 286.2 ...1.673 1.244 ...1.55... 491.3 —412.2. ...1.195 1.002 1.55.. 610.9 —559.7 ..0.8899.. 0.8153 

302.8 —309.7 ...1.614 1.651 ...1.60... 355.3 —425.4 ...1.156 1.385 1.60.. 414.5 —s54.2 ..0.8654.. 1.157 

234.4 ~ 299.8 ...1.619 2.070 ...1.65... 260.3 ~393.3. ...1.170 1.768 1.65.. 287.7 ~493.0 ..0.8829.. 1.518 

185.2 —274.2 ...1.692 2.504 ...1.70... 198.2 —346.3 ...1.245 2.175 1.70.. 212.5 ~422.5 ..0.9503.. 1.889 
153.5 —242.6 ...1.863 2.944 ...1.75... 162.4 —295.3 ...1.430 2.600 1.75.. 168.8 ~—356.6 ..1.085 .. 2.291 
133.7 211.3 ...2.139 3.380 ...1.80... 138.1 ~253.9  ...1.653 3.040 1.80.. 144.0 —297.6 ..1.317 .. 2.722 
122.6 —181.7 ...2.551 3.781 ...1.85... 126.3 —213.3 ...2.055 3.471 1.85.. 131.3 ~245.3 ..1.696 .. 3.168 
118.1 154.5 ...3.122 4.086 ...1.90... 122.1 ~176.4 ...2.653 3.832 1.90.. 123.8 —193.8 ..2.295 .. 3.594 
118.5 —129.8 ...3.836 4.202 ...1.95... 124.0 —142.6 ...3.471 3.994 1.95., 129.7 —154.6 ..3.185 .. 5.796 
123.2 —107.5 ...4.610 . 4.019 ...2.00... 130.5 -111.5  ...4.429 3.786 2.00.. 137.6 -113.9 ..4.214 .. 3.571 
131.6 —87.41...5.272 . 3.500 ...2.05.., 142.1 —82.63 ...5.259 3.058 2.05.. 151.7 —75.20..5.292 .. 2.623 
143.9 ~69.91...5.625 . 2.732 ...2.10... 159.2 — 56.28 ...5.583 1.974 2.10.. 172.7 ~38.28 5.518 .. 1.223 
159.8 —55.64...5.580 . 1,942 ...2.15... 182.5 —33.00 ...5.307 0.9598 2.15.. 195.8 ~36.02..4.941 .. 0.0909 
179.6 —45.83...5.228 . 1.335 ...2.20... 212.8 —15.14 ...4.678 .. 0.3328 2.20.. 243.0 26.49. .4.067 .. —0.4433 

202.5 —41.74...4,737 0.9764...2.25... 250.7 —4.160...3.988 .. 0.0662 2.25.. 257.2 48.43..3.277 .. —0.5340 

227.6 —45.36...4.226 ... 0.8424...2.30... 295.8 —6.389...3.380 .. 0.0730 2.30.. 367.0 53.74. .2.668 .. —0.3907 

251.3 —58.68...3.774 0.8812...2.35... 342.5 —27,26 ...2.901 0. 2309 2.35.. 447.1 28.71. .2.227 .. ~0.1430 

2€9.6 —81.82...3.397 1.081 ...2.40... 379.2 —70.53 ...2.535 0.4715 2.40.. 520.0 ~39.84..1.912 .. 0.1465 

277.5 —112.5 ...3.094 1.255 ...2.45... 397.6 —132.8 ...2.263 0.7559 2.45.. 552.7 —148.0 ..1.688 .. 0.4522 

271.3 144.3 ...2.873 1,528 ...2.50... 381.6 —196.0 2.074 1.065 2.50.. 521.0 —259.2 ..1.538 .. 0.7641 

4 proximates a half-wave-length, is ex- 

1 Be gaat Q=2 In on (23) tremely sharp. This well-known effect is 

Z=jrvo ~+2) en In (#2) y easily explained by noting that a suf- 
? a5 has been chosen. 


kb kb \8 cl 
(33) ” +(%) 140) (22) 


This result, in connection with Appendix 
III, forms the basis for the impedance 
tables presented in Appendix I. The 
quantities J;,(0) are explicitly given by 
the equation 


J,(0) => d 
no 7 x 
(3) = 
J(0)=1/3 
Results 


The impedance of loop antennas for 
various values of b/a have been calcu- 
lated with the use of equation 22, Asa 
parameter, the quantity 
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Note that 27b/a=c/a, 
where c is the circumference of the an- 
tenna. Hence equation 23 represents a 
definition analogous to that used for 
dipole antennas. 

In Appendix I, values of the impedance 
are tabulated for 0Skb $2.5 and Q=8, 
9,10, 11,12. They are also presented in 
graphic form. These impedances are use- 
ful for examining the operation of a loop 
antenna as a function of frequency. For 
laboratory purposes, however, it is some- 
times convenient to have tables available 
appropriate to holding the frequency 
fixed and varying the size of the antenna. 
These tables, given in Appendix I, have 
been obtained by interpolation from the 
earlier tables. 

It is perhaps worth while to comment 
on some of the more obvious features of 
these loop antenna impedances. As can 
be seen, the first antiresonance, occurring 
when the circumference of the loop ap- 
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ficiently small loop resembles closely a 
short-circuited quarter-wave-length trans- 
mission line and has a correspondingly 
sharp antiresonance. 

Of equal interest is the rapid disap- 
pearance of resonances as the circum- 
ference of the antenna increases. Thus, 
for Q&=9, a second resonance point does 
not even exist. If one compares these 
impedances with those for a dipole an- 
tenna, it is seen that the two are similar, 
both qualitatively and quantitatively, for 
c>\. The prime difference is that the 
loop is essentially more capacitive (by 
about 130 ohms) than a dipole. This can 
be explained on the basis that changed 
surfaces are closer together on a loop than 
ona dipole. This shift in reactance level 
by 130 ohms permits the dipole to have 
several resonances and antiresonances, 
whereas, as noted previously, a moder- 
ately thick loop (Q<9) has essentially 

(Continued on page 615) 
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ey Table iV. Input Impedance for ka Constant 
bo 
a=3/16 Inch atkX=100cm. a=1/4Inchatk=100 Cm. 9=5/16 Inch at \= 100 Cm 
Kb R x R x R x Kb 
OF08 cnet ck is hand aphacrt be lninn atisectach bee chatty Rateed Gate at alana inca is hated gaunt napa tes Pts 0.05 
Oe Lae eae Neots hed tastes lntioseea. Bui ested ftir aga tothe ta Saten arta EN Raia teas casket Bieta 0.10 
O.1Siccctaaec iui mawee hod NAD creer ee poh eens TBS yaaa ine kanes eed 0.15 
O° 20s crue Po tenant DAM gcse hek wuts Meals DV ya karon eetiiacbigiggoeienen 196... .0.20 
0.25 2 385... 2 BET ots cach ch tae etta 313....0.25 
0.30 7 625.. 6 526... 6 500... .0.30 
0.35 25 999... 27 908... 23 801... .0.35 
0.40 172 2209. . 167 1986.. 169 1871....0.40 
0.45... .19992 — 3998... .15202 — 5153... 13535 —3981....0.45 
0.50 376 ~2320.... 408 —2251.... 410 —2094....0.50 
0.55 170 ~ 1348. . 152 —1200.. 129 —963....0.55 
0.60 104 —905.. 103 —820.... 103 —767....0.60 
0.65 85 —670.. 83 —613 81 —570....0.65 
ty —~0.70 77 —525., 75 — 486 74 —465....0.70 
s 0.75.. 15 —422., 73 —391, 72 —367....0.75 
x 0.80.. 76 ~342.. 75 —317. 74 —298....0.80 
8 0.85.. 81 —270.. 80 — 255 78 — 242... .0.85 
| 0.90 89 ~210.. 87 —197 86 ~— 188... .0.90 
hm 0.95 98 —155 97 —~ 150 96 —142....0.95 
3 1.00 112 ~102. 110 —95 108 —95....1.00 
>. 1.05 132 —39. 129 —45 126 —50....1.05 
S&S  1.10..... 157 ae 20.... 154 ne 6.... 151 tee.) 8....1,10 
8 1.15.... 1952 tees BLL... 188 tees 60..,, 184 wees 4B00..1,15 
= 1.20.... 245(12.447)...,  152..., 238 wees 118... 281 cee 95....1.20 
SS fie DB ris tect Sehusiaint sake Meats ener 311 wou. 178..., 299 cease 145....1,25 
oO) ee ee eee 426 ; 229..., 402 . 186....1.30 
ride: | ee ee an ee ner ay eee eee ee 589 . 244,.... 547 .  1901,...1.35 
2 TAO Penah cienlateigithivlan eache sain tee 836 : 167.... 739 118....1.40 
Se Sb c4 Bs havcnanieeves eed quay oar neee pened 988 .e. 108... 853 ~119....1.45 
SS TANGO: id HAL ame ioe tad aoroneeny 918 eae 7448.... 800 ~—400....1.50 
x Vi BB if Mole ae Gb penta ed Seligen 6892 .... —613,... 600 wees ~847,...1,55 
NY A608. ba cc giGiaueeae nai ci ents ye 447(12.446).... ~623.... 418 vee. —553....1,60 
a Aes GBie aco hho hicdl4 hes chet tetade tususten gan ake tea ee oe hate Gaia Ih lixanta 289 —497.,..1.65 
ha La TOs cee Creed eocthiy Pr aoueriaa estes ene eater 215 —434....1.70 
Ss VIB is wees Nc cnseay Sysco gehen, Heme D ira EES tae les MBM a ns Besta ae 170 —365....1.75 
Ss) TSO ovoid ss assed Roi isis tre Bese tectonic snlaenSs aeog Gobet 0 146 ~309....1.80 
BO GRBs ohn oP ce shark traonmbhcilaniaea Died abe Mette a tite dn ha tiens cA 134 —252.,..1.85 
mh 1 OO hats reset spies incre a DA ear og EN ew eee a bor tn giana 126 —200....1.90 
3 FOB ict saeco Nase Sa ber ar alah mies Cedar ed eg Beads Ghee eat eos 122 ~160....1.95 
s FOO iisencicg tanto ep utente ean iaucn oe Et aw Ses Makar AS MA biades Rett 1412 —113....2.00 
8 2. —72...,2.05 
& 
w 
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Table V. Input Impedance of Loop Antenna for ka Constant 
a= 3/8 Inch atA=100 Cm. a=1/2 Inch atk=100Cm. a=3/4 Inch at \=100 Cm 
Kb R x R x R x Kb 


t 
i 


[PN NNNYNNYNNNN EES eee ener OOSOOCOCOOOC OCC COOCCOOOCO 


* (912.486). 
+ (Q11.951). 
t (Q11.141). 
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Fig. 5. Resistance of loop antennas as function of frequency 
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Fig. 7. Conductance of loop antennas as function of frequency 


Fig. 6, Reactance of loop antennas as function of frequency 
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Fig. 8 (above left). Susceptance of loop antennas as function of frequency 


Fig. 9 (left). Resonance and antiresonance points for loop antennas 


Fig. 10 (above). 


Evaluation of equation 20: R.(1/a0); 2=8, 9, 10, 11, 12, kb $2.5 


HITMod 


35, 


30 Img.) 
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Fig. 11. Evaluation of equation 20: In(1/o0); 2=8,9, 10, 11, 12, kb <2.5 
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only one antiresonance. The resistance It is interesting to compare these 
curves for the loop and dipole are very _ theoretical loop impedances with some ex- 
similar, with the resistance minima having perimentally measured ones. Miss Phyl- 
almost identical values. lis Kennedy of Cruft Laboratory has 


Re (l/a,) 


Ke) 22 


Fig. 12. Evaluation of equation 20: R.(1/oo); 2=8, 9, 10, 11, 12, kb <2.5 


measured some loop impedances, using a 
half-loop over an image plane, and 
driven by a 2-wire line. The explicit 
configuration is indicated in Fig. 2(A). 
One set of the admittances measured by 
Miss Kennedy appears in Fig. 2(B) to- 
gether with the corresponding theoretical 
curves. The agreement between the 
theoretical and experimental curves is 
seen to be excellent. It is seen that the 
resistance peaks near resonance on the 
theoretical conductance curves are 
slightly higher than those on the experi- 
mental curve. This could have been an- 
ticipated, as obmic losses of the loop were 
not taken into account in the theoretical 
solution. The two susceptance curves 
differ by a slight additive amount through- 
out the entire range. This can readily 
be attributed so the so-called end effect of 
the feeding line, which arises from coupling 
the fact that the transmission-line excita- 
tion differs from the ‘‘slice generator” 
used in the theoretical model. King® has 
calculated this end effect for a dipole an- 
tenna. The dominant correction term is 
a negative capacitance in shunt with the 
antenna. Quite obviously, the end cor- 
rection for a loop antenna should be simi- 
lar, even to the order of magnitude. If 
such an approximate correction is made to 
the susceptance curve of Fig. 2(B), this is 
changed in the right direction. 

In Appendix II, values of the quanti- 
ties 1/o, and the functions J,(¢) are pre- 
sented graphically to facilitate evaluation 
of the current distribution using equations 
20 and 21. To obtain an idea of the type 
of current distributions on loop antennas, 
some were calculated for the explicit case 
of @=10. Because the Jx(¢) were 
evaluated by numerical integration, there 
exists a sligbt discrepancy between J(0) 
and the admittance. Since the admit- 
tance values are more accurate, they were 
used in place of [(0). 

One of the classic assumptions in an- 
tenna literature is that a small loop has 
a constant current distribution. To ex- 
amine the validity of the assumption, the 
actual current distributions were calcu- 
lated for 2=10 and kb=0.1, 0.2, 0.3, and 
0.4. These appear in Fig. 3. It is ap- 
parent that for the smallest loop, kb=0.1, 
the current varies in magnitude by about 
5 per cent and hence can be considered 
reasonably constant. For kb=0.2, how- 
ever, the variation is well over 10 per cent. 
On the basis of these results, one would be 
led to the conclusion that loops much 
larger than kb=0.2 cannot be considered 
small. 

To obtain an idea of how the distribu- 


(Continued on page 618) 
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Fig. 13. Evaluation of equation 20: In(1/o:); 2=8, 9, 10, 11, 12, kb <2.5 


Fig. 14 (above right). Evaluation of equation 20: R(1/o.); 2=8,9, 10,11, 12, kbS2.5 


Fig. 15 (right). Evaluation of equation 20: I.(1/a2)) 0=8, 9, 10, 11, 12, kb <2.5 
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Fig. 16. Evaluation of equation 20: R.(1/a;); Q=8, 9, 10, 11, 12, kb <2.5 


Fig. 17 (above right), Evaluation of equation 20: [n(1/a;) and ba(1/as); 2=8, 9, 10, 11, 


Fig. 18 (right). 


12, kb<2.5 


Evaluation of equation 20: Re(1/a); 2=8, 9,10, 11, 12, kb <2.5 
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tion of current varies as the loop size in- 
creased, values of it were calculated for 
Q=10 and kb=0.5, 1.0, 1.5, 2.0, and 2.5. 
These results appear in Fig. 4. Perhaps 
the most noticeable feature in these curves 
appears in the plots of magnitude and 
phase for the larger values kb. For values 
of ¢<90 degrees, it is apparent that the 
current distribution is beginning to ap- 
proximate a traveling wave, in the sense 
that variations in the magnitude have 
been reduced and the phase is becoming 
Jinear. This is in agreement with the 
observation made in connection with the 
impedances, namely, that for larger kb the 
magnitude of the variation of the re- 
sistance is reduced. 


Appendix |. Input Impedance 
of Loop Antennas 


In Tables I through V_ impedances, 

=R-+jX, are given in ohms and admit- 
tances, Y=1/Z=G+ B, are given in mhos. 
The loop radius is designated by } and the 
loop wire radius by a. The ratio 6/a is 
expressed in terms of the parameter Q=In 
2rb/a. Note that 2xb=c, the circumfer- 
ence of the loop, and kb =27b/A=c/\, where 
\ is the wave length. Thus &d is simply the 
circumference of the loop divided by the 
wave length. 

The input impedance as a function of 
frequency is shown in graph form in Figs. 5 
through 9 as follows: 


Fig. 5: 
kb $2.5. 


R versus kb for Q=8, 9, 10, 11, 12; 


GIS 


BOF ye 100° 120° 


Fig. 19. Evaluation 
of equation 20: 
Jil) and = J2(9); 
2=8, 9,10, 11, 12, 
O<¢Sr 


140° 160° (80° 


Fig. 6: X versus kb for Q=8, 9, 10, 11, 12; 
kb $2.5. 
Fig. 7: 
kbS2.5. 
Fig. 8: B versus kb for Q=8, 9, 10, 11, 12; 
kbS2.5. 

Fig. 9: Locus of resonance and antireso- 
nance points. 


G versus kb for 29=8, 9, 10, 11, 12; 


Tables I through III show input imped- 
ance and admittance as a function of fre- 
quency, as follows: 


Table I: Zand Y versus kb for 2=8, 9; 
kbS2.5. 
Table II: Zand Y versus kb for Q=10, 11; 
kb $2.5. 
Table III: Zand Y versus kb for 29=12; 
kb $2.5. 


Tables IV and V show input impedance 
for ka constant, as follows: 


Table IV: Z versus kb for a=3/16 inch, 
1/4 inch, 5/16 inch, at \=100 cm (centi- 
meters). 

Table V: Z versus kb for a=3/8 inch, 1/2 
inch, 3/4 inch, a?’ =100 cm. 


Appendix I!. Graphs to Facilitate 
Evaluation of Current Distribution 
on a Loop Antenna 


The current distribution on a loop antenna 
is given ana by equation 20 


4 cos np or 


——x 
1) =e ao ee “tn 
kb b 
(score) 40] 
kbS2.5 
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where 


V is the voltage driving the antenna 
¢6o= 120 ohms 

a=radius of antenna wire 
b=radius of antenna 

k=a/ce= age x 


In(19/4.5) = 


Q=2 In ae 


— 5-3. 226 


To facilitate evaluation of this equation, 
consult Figs. 10 through 19. 


Appendix Ill. 


Evaluation of K, 


From equation 4 it is seen that 


An = Kns4i— Kn = — 
Tv 
Qa e TOR () ative ; 
——— {7 —"%]de n>0 
J RG) 
1 Qa. IkOR(p) (ie 
OF R(b) 27 sin ¢/2dd 
The ‘‘thin-wire’’ approximation is that 
k’a®< <1, a?<<b?. Neglecting terms of 


this order of magnitude yields 


1 aon e kb sin ¢/2 
maf darlin Ge ey 
0 


2a 2 sin 6/2 
2j sin ¢/2dé+term of order (a?/b*) 


Fe ih esis oe ‘ 
“f eg 2k) sin 0+7 +1) Ogg 
0 


wT 


= j[Jan+1(2kb) —jQ2n41(2kb)| 


where 
1 wT 
Janets * f sin (x sin 6—(2n-+1)0)d0 
wv 
0 
is the Bessel function of order 2”+1, and 
1 wr 
Sasser f cos (x sin @—(2n+ 1)@)do 
Tv 
0 


is the Lommel-Weber function of order 
2n+1, tabulated in Janke-Emde. 

Thus, the foregoing result provides a 
recursion formula for Kn, ie., 


An = Kn41—Kn =O 4(2kb)+ 


GJon+(2kb), n>0 


Therefore, all that remains to evaluate is 
Ky. This coefficient can be written as 


1 Qn e TKOR (9) 
Ko=— d. 
: = Re “° 
1 Qa —TKOR(p) _ 4 1 an 
a { € tee f d 
2nJ R() 2nJy R(¢) 


1 24 e ROR) _ 7 
de 
Qn 0 R(@) 


1 Qa e 2tkd sin ¢/2_. 1 
=> d. 
f 2 sin ¢/2 as 


term 0(a2/5?) 
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2kb < Tv 
-f ax( a, eit sin +o) 
0 Te 0 
2kb 2D 
= —12f au(s)de—j/2 x 
0 0 


Jo(x)dx 


It also can be shown? 


1 {(?" d 1 8b 
f ea In —-+terms 0(a2/b?) 
2a a T a 


So, to the order of approximation consistent 
with original integral equation 


1 8b 2kb 
Ky=- mee f Qo(x)dx — 
wv a 0 


2kb 
sf Jo(x)dx 
0 


An=Knsi-Kn =0an+1(2kb) +7 Jon41(2kd) 


Another expression, useful for determin- 
ing K» for large 2, can also be found. From 
the foregoing it is seen that 


Ky, = Kot > An 
0 


Inserting the integral expressions for Ay 
yields 


n-1 


Ky =k!) yt oes sin @ + i@n+eogg 
Lg 0 
0 
irr. e7J"d _ 7 
wy sin ¢ 


Inserting the value for Kg 


J (e248 sin $+2ing_1) be 
7 sin ¢ 


1 ; a 
=- In —+— 
T a Qn 
z (¢72k0 sin 1) oy aga: 
0 sin @ 
i (e/"*—1) do 
2a 6 sin @ 


1 i 
=-In Sal [Qen(x)+jSan(x)ldx — 
ra ‘ 


2 
n-1 
> } 1 
7 2K+1 
0 
This result can be used conveniently to de- 
termine the form of Kn for large N. For 


n>>kb, the integral is small, vanishing in 
the limit. Thus 


‘ole gp Seb RRA gt 5 
Tr T 


a 


Now, using Sterling’s equation to evaluate 
the harmonic series, it can be shown that 


n-1 


1 7,1 7 
) 2k41 7272 In 4n, y( =0.5772) is 
0 


Eulers constant. 


Similarly, for »>kb 


pn he ftY 
Neier (2) 


1/. 2b 
So Ky~- (1 ——y-—lIn n) - 
T a 
(ey! (nD 1 
J T(Qn+2) \n>kb 


The Fourier coefficient an (4), can be 
written as 


2 An —An~—l 
on=( 10-2) K,tHo| == 1| 


Since A, vanishes for large x, the asymptotic 
value of an is given by 


n?\1 1 26 
ylepe || = (an 9 la |= 
a (» AEG . y inn) 
_(Rbyntt ] n>1 
IT(2n+2) n>kb 


Finally (by simple insertion of numerical 
values), it can be shown that for k $2.5, and 


-n25, the asymptotic value of an as given 


differs negligibly from the correct value. 
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Diode-Shunting in Magnetic Amplifiers 


J. L. LOWRANCE 


NONMEMBER AIEE 


N THE self-saturating type of mag- 

netic amplifier it is desirable to bias 
the saturable reactor to a particular point 
on its hysteresis loop. Higher gain and 
better linearity of the transfer function 
can be achieved in this manner. Shunt 
paths around the diodes of the magnetic 
amplifier afford a convenient means of 
biasing the saturable reactors. 

The basic circuit examined in this re- 
port is a conventional full-wave, push- 
pull magnetic amplifier. An analysis is 
made of the bias currents in two different 
circuit arrangements. The feedback ef- 
fects which are found in this type of cir- 
cuit are discussed and the effective feed- 
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J. D. DOLAN 


NONMEMBER AIEE 


back factors for each circuit are deter- 
mined, 

Various methods of obtaining bias for 
the saturable reactors are shown in Fig. 1. 
Circuits 1 and 2 of Fig. 1 offer the advan- 
tage that fewer components are required. 


Terms and Symbols 


B=feedback coefficient 

E=supply voltage 

E=peak value of supply voltage 

E=average value of supply voltage 

He =magnetization force required to satu- 
rate the magnetic core at angle @ of 
half-cycle, oersteds 

Ip=current through dummy load resistor 
after both cores have saturated 
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Ip=average current through dummy load 
resistor after both cores have satu- 
rated 

I, =load current 

I, =average value of load current over half- 
cycle 

n=net control current seen by amplifier 

I;=current from signal source 

Ke=open loop voltage gain 

Ke'=closed loop voltage gain 

K,=open loop current gain 

Ky,'=closed loop current gain 

lm =effective magnetic path length of core, 
centimeters 

N, =control-winding turns 

Ny =feedback-winding turns 

N,=gate-winding turns 

¢ =control-winding resistance 
Ra =dynamic foreward resistance of diode 
Rp=dummy load resistor 
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